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Equations for the transformed volume fraction of a spherical particle with nucleation on its 
surface, both nonisothermal and isothermal, are derived in the framework of Kolmogorov 
method adapted for this problem. Characteristic parameters governing the transformation 
kinetics are determined; the latter is studied with particular emphasis on the Avrami exponent 
temporal behavior. It is shown that the surface-nucleated transformation qualitatively differs 
from the bulk-nucleated one at large values of the characteristic parameters due to the one-
dimensional radial growth of the new phase occurring after the complete transformation of the 
surface itself at the early stage of the process. This effect also manifests itself in the considered 
ensemble of size-distributed particles and in the grain-boundary nucleated transformations. The 
logarithmic normal distribution inherent for the particles obtained by grinding is employed for 
numerical calculations and shown to stretch temporally the volume-fraction and Avrami-
exponent dependences for the ensemble of identical particles. A new model for grain-boundary 
nucleated transformations alternative to the Cahn model of random planes is offered; it is based 
on the ensemble of size-distributed spherical particles with the possibility for a growing nucleus 
to cross grain boundaries. The kinetics of this process is shown to be governed by the same 
characteristic parameter, as for a single particle, and qualitatively differs from the Cahn-model 
one. In particular, the logarithmic volume-fraction plot at large values of the governing 
parameter ends by a characteristic bend observed on experimental curves for the crystallization 
of bulk metallic glasses.  This peculiarity together with the form of the plot as a whole        
directly indicates to the grain (polycluster) structure of metallic glasses and nucleation at 
intercluster boundaries.  
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1. Introduction 
 
 The kinetics of a phase transformation process in infinite space under nonisothermal 
conditions is described by the following equation for the volume fraction (VF) )(tX K  of the 
material transformed: 






′′′
−−= ∫
t
bK tdttVtItX
0
),()(exp1)( ,   ),(),( ttgRttV D ′=′ ,  ∫
′
=′
t
t
duttR ττ )(),(                 (1a)                                                          
where ))(( tTIb  and ))(( tTu  are the bulk nucleation rate and the velocity of nucleus linear 
growth, respectively, which are functions of temperature T ; g  is the geometrical factor and D  
is the space dimensionality. This equation was derived by Kolmogorov in the framework of 
rigorous probabilistic method under certain model assumptions; an English translation of this 
remarkable work is available [1]. 
  Under isothermal conditions ( I  and u  are constant), the integral is calculated giving 
 ))(exp(1)( ntTktX −−= , DTuTIngTk )()()/()( ≡ ,  1+= Dn                       (1b) 
This equation was derived by Kolmogorov [1] from general Eq. (1a) in two variants: for 
continuous ( 4=n ) and instantaneous ( 3=n , 3)3/4( uNk υpi= , υN  is the volume density of 
centers) nucleation. Despite the fact that the case of diffusion-limited growth is beyond the 
Kolmogorov model, the high accuracy of Eq. (1b) was shown for this case also [2]; 
2/)(~),( DttttV ′−′  results in 12/ += Dn .  
 Johnson and Mehl (JM) [3] have solved the difficult problem of finding )(tX  quite 
differently, offering an inventive method based on the fictitious mechanism of nucleation and 
growth; this approach includes the so-called “phantom nuclei” into consideration. Although JM’s 
approach is valid in a nonisothermal case also [2] (under the assumptions of Kolmogorov’s 
model) and Eq. (1a) can be obtained within this approach (cf. Appendix), the authors considered 
the isothermal case and arrived at Eq. (1b) with 4=n ; at the same time, the particular 
nonisothermal case with the linear time dependence of )(tI  and )(tu  was considered as well. 
The full text of this classical work including important Appendices (unpublished earlier) is 
kindly presented in ref. [4]. Being an inherent part of the ensemble of nuclei [2, 5, 6], the 
phantom ones create serious difficulties in calculating VFs in the cases beyond the Kolmogorov 
model, e.g., when several phases simultaneously nucleate and grow with different velocities or 
when a one phase grows by a diffusion-type law; a new method for solving this issue was offered 
and the effect of phantom nuclei in both these problems was estimated in refs. [2, 7].  
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Avrami assumed quite different nucleation mechanism – nucleation by “germ nuclei” 
which already exist in the old phase and whose density diminishes during the transformation [8]; 
in modern terminology, this is continuous nucleation at pre-existing centers. Eq. (1b) with 4=n  
and 3=n  gives two limits for this type of nucleation corresponding to small and large values of 
the quantity tIc , where cI  is the specific nucleation rate at a centre [9-11]. In this way, Avrami 
considered Eq. (1b) as a general one for phase transformations, where n  can vary between the 
mentioned limits as well as for other geometries [9]; since, n  is commonly called the Avrami 
exponent (AE). 
 In view of the great importance of the KJMA theory for materials science and other 
applications, its development and extensions continue the last decades [2, 5-7, 11-21]; in 
particular, this concerns the studies of the issue of grains size distribution [22-26]. Eqs. (1a, b) 
are suitable for transformations proceeding in sufficiently large samples and lose their validity 
for ones occurring in small objects such as a powder particle or a droplet. Equations replacing 
Eqs. (1a, b) in the case of a finite spherical domain were derived in ref. [11] for the case of bulk 
nucleation. However, experimental observations show that nucleation can occur on the surface of 
a particle in the processes of crystallization of both amorphous powders [27] and liquid droplets 
[28]. Therefore, the study of kinetics of the surface-nucleated crystallization of a spherical 
particle and an ensemble of size-distributed particles is topical and the present report is dedicated 
to solving this problem. The original Kolmogorov method is adapted for this purpose and the 
procedure of solving is quite similar to that of ref. [11]. The AE behavior during the 
transformation process is of particular interest here. The results can be useful, in particular, for 
studying the processes of crystallization of amorphous powders [29, 30]. 
 Another important application of VF equations for an ensemble of size-distributed 
particles is modeling the grain-boundary nucleated transformations by them. Phase 
transformations originating from grain boundaries in polycrystals [31] or polycluster amorphous 
solids [32] often occur. The classical Cahn model [33] represents the network of grain 
boundaries by the set of random planes. The advantage of this model is in that it gives an exact 
and comparatively simple solution for the VF, however, there is the issue of its adequacy to the 
real network and the corresponding transformation kinetics: (i) faces of numerous adjacent  
grains are flat and lie in a one plane; (ii) small angles between faces occur; (iii) after the 
“saturation” of boundaries [33], when they are covered entirely by the new phase, the space 
filling proceeds by the 1D growth of infinite flat plates and is described by the corresponding 
long-time asymptotics of Cahn’s equation, whereas the 1D radial growth of closed layers 
(spherical in the present model) occurs in a real grain structure; this gives a quite different long-
time asymptotics.   
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 The offered model seems to be closer to the actual grain-boundary network than Cahn’s 
one and therefore should give a more realistic kinetics of transformation. In particular, the 
considered system directly goes to the actual grain structure after sintering. It should be noted 
that the first attempt to derive a VF equation for grain boundary nucleation was undertaken by 
Johnson and Mehl (Appendix D in ref. [4]) just for a matrix composed of spherical grains (of the 
same radius) under the assumption that a growing nucleus cannot cross grain boundaries. Both 
the Cahn and present models have no this constraint.  Also, JM’s VF equation drastically differs 
from the present one because of the quite different way of its derivation.  
 Earlier, the kinetics of grain-boundary nucleated phase transformations was investigated 
by computer simulations [34] and the Cahn model was tested. It was shown that the latter 
underestimates pronouncedly the transformation fraction in reality and an empirical equation 
with a fitting parameter was proposed to modify the Cahn model and reach agreement. Also, 
heterogeneous boundary nucleation was studied with the aid of m -point correlation functions 
[35], this analysis was developed in subsequent works [36-39]. Spatiotemporal m -point 
correlation functions were introduced by Secimoto [40]; in fact, the two-point one is employed 
for calculating the contribution of phantom nuclei to the VF in refs. [2, 7] as well as for 
calculating the variance of grains size distribution in refs. [41, 24].   
      The paper is organized as follows. In Section 2, the model is described and a 
nonisothermal VF equation is derived. The isothermal case is studied in detail in Section 3. The 
VF equation is obtained here in two variants, both as time- and radius-dependent. The Avrami 
exponent behavior is examined here as well. In Section 4, the case of instantaneous nucleation is 
considered. In Section 5, equations for the VF and Avrami exponent of an ensemble of size-
distributed particles are derived and numerically examined for specific distribution functions. A 
model and VF equations for grain-boundary nucleated transformations are presented in Section 
6. The case of diffusional growth is briefly considered in Section 7. Conclusions Section 
finalizes the paper.   
 
 
2. Nonisothermal equations 
 
 We consider the process of crystallization of the spherical domain of volume 
3
00 )3/4( RV pi=  under the nucleation of new-phase centers on its surface with the nucleation rate 
)(tI s  and growth velocity )(tu ; both these quantities depend on temperature which varies with 
time, e. g., when the particle is heated or cooled with the constant rate q , qtTT ±= 0 . Let us 
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take at random the point O′  in the domain. Let it be at a distance r  from the centre of the 
domain (the point O ), Fig. 1. We find the probability ),( trQ  that the point O′  is untransformed 
at time t . For this purpose, we specify the critical region (CR) for the point O′  - the sphere of 
radius ),( ttR ′ , Eq. (1a). At time t′ , the boundary of this region moves at the velocity )(tu ′  
towards the point O′ , so that in the time interval tt ≤′≤0  its radius decreases from the greatest 
value )(),0( tRtR m≡  to 0),( ≡ttR . In order for the point O′   to be untransformed at time t , it is 
necessary and sufficient that no centre of a new phase should be formed within the CR in the 
time interval tt ≤′≤0 . The probability of this event is [1, 11] 
[ ]),(exp),( trYtrQ −=                                                                (2) 
In the case of bulk nucleation in infinite space, the function Y  does not depend on r  and 
has the following form [1]: 
∫ ′′′=
t
b tdttVtItY
0
),()()(                                                               (3) 
where ),()3/4(),( 3 ttRttV ′=′ pi  is the CR volume at time t′  (identical to the volume of a t′ -age 
nucleus at time t ). In the considered case, the new-phase centers appear on the domain surface 
only. We should take the part of surface lying within the CR (Fig. 1); its area is denoted by 
),;( ttr ′Ω . Applying the method of ref. [11], we replace )(tIb ′  by )(tI s ′  and ),( ttV ′  by ),;( ttr ′Ω  
in Eq. (3): 
∫ ′′Ω′=
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),;()(),(                                                      (4) 
The VF )(tQ  of the material untransformed at time t  is the probability for the point O′  to fall 
into the untransformed part of the domain: 
∫=
0
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0
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R
drrtrQ
V
tQ pi                                                   (5) 
 Depending on t , t′ , and r , the area ),;( ttr ′Ω  can be equal to 0, ),;( ttrS ′ , or 200 4 RS pi= , 
where 
[ ]2020 )(),(),;( rRttR
r
R
ttrS −−′=′ pi                                                  (6) 
Determining times 1t  and 2t  by the equations 
01)( RtRm = ,  02 2)( RtRm =                                                       (7) 
 we have the following three cases with respect to time t , similarly to ref. [11].   
(1) 0)( RtRm < : 1tt <  
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We determine the distance mRRr −= 00 . At 00 rr ≤≤ , the CR does not include the domain 
surface, accordingly, 0),;( =′Ω ttr . We also determine the time ),( trtm  by the equation 
rRttR m −= 0),( . At 00 Rrr ≤< , the CR includes the part of the domain surface in the time 
interval ),(0 trtt m<′≤ , accordingly, ),;(),;( ttrSttr ′=′Ω . Further, in the interval tttrtm ≤′≤),(  
the CR is empty and 0),;( =′Ω ttr . Summarizing, 





≤<′′′
≤≤
=
∫
),(
0
00
0
1
    ,),;()(
0                                ,0
),( trt
s
m
RrrtdttrStI
rr
trY                                                     (8) 
(2) 00 2)( RtRR m ≤≤ :  21 ttt ≤≤ . 
We determine the distance 00 RRr m −=′  and the time ),( trtm′ : rRttR m +=′ 0),( . Let us consider 
the case 00 rr ′<< . In Fig. 2, the CR boundary positions are shown for this case at different times 
t′ . In the time interval ),(0 trtt m′≤′≤ , the domain lies entirely within the CR, accordingly, 
0),;( Sttr =′Ω . In the interval ),(),( trtttrt mm ≤′<′ , we have ),;(),;( ttrSttr ′=′Ω . And in the 
remaining interval tttrtm ≤′<),( , 0),;( =′Ω ttr . At 00 Rrr ≤≤′ , we have ),;(),;( ttrSttr ′=′Ω  in 
the interval ),(0 trtt m<′≤  and 0),;( =′Ω ttr  for tttrtm ≤′≤),( . In this way, 
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As it follows from the foregoing, in this case 
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for arbitrary r -value. Accordingly, 
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 The VF )(tQi  in each case is calculated according to Eqs. (5) and (2); e.g., we have for 
case (1): 
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The VF at any time t  can be written with the aid of the Heaviside step function )(xη  as follows: 
)()()()()()()()( 3221211 tQtttQtttttQtttQ −+−−+−= ηηηη                                (13) 
Accordingly, the transformed VF is )(1)( tQtX −= . 
 
3. Isothermal equations 
 
3.1. Volume fraction as a function of time 
 
 The case of isothermal crystallization (constant sI  and u ) allows one to get an explicit 
time dependence of the VF and thereby to study the kinetics of crystallization in detail. The key 
quantities defined above acquire the following form: 
)(),( ttuttR ′−=′ ,  uttRm =)( ,  utRr −= 00 ,  
u
rR
ttrtm
−
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0),( ,   00 Rutr −=′ , 
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0),(                                                                                                    (14) 
We introduce the dimensionless time 0/ Rut=τ  and distance 0/ Rrx =  as well as the 
characteristic parameter 30)/)(3/( RuIss piα = . After the calculation of integrals in the above 
expressions, we get the following equations: 
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(3)  2>τ :  
∫
−
=
1
0
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3
2e3)( dxxQ xs τϕατ                                                            (15c) 
It should be noted that 0),(1 =τϕ x  at τ−= 1x  and 31 ),( ττϕ =x  at 1=x . These equations can be 
easily rewritten for the VF )(1)( ττ QX −= ; e.g., Eq. (15a) goes into 
[ ]∫
−
−
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1
2),(
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τ
τϕατ dxxX xs ,  1<τ                                                      (15d) 
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Isothermal equations for )(tX  were also obtained in ref. [20] by the causal-cone [42] or time-
cone [43] method. 
 It is also of interest to get an equation for the untransformed fraction )(τsQ  of the surface 
itself. It is given by Eq. (2) taken at 0Rr = ; according to Eqs. (8-11), the functions ),(1 τϕ x  and 
),(2 τϕ x  are taken at 1=x . Doing so, we get 

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20      ,e)( )3/4(12
3
τ
τ
τ
τα
τα
s
s
sQ                                                         (16) 
It is seen that for 2<τ  the law of spherical surface transformation is the same as the law of 
transformation of a plane, whereas the case of 2>τ  shows the difference between them; it 
emphasizes the finiteness of geometry. So, the parameter sα  characterizes the rate of surface 
transformation; for sufficiently large values of sα  (this point is discussed in more detail below), 
the characteristic time of surface transformation is 3/1~ −ss ατ . 
 In Fig. 3, the plots of )(τX  are shown for different sα  values together with the 
corresponding dependences for bulk nucleation from ref. [11]. The characteristic parameter for 
bulk nucleation is 40)/)(3/( RuIbb piα = , where bI  is the bulk nucleation rate; in order to compare 
both the dependences, we should take the corresponding value of bI . The latter relates to the 
surface nucleation rate, sI , as sb II 0ω= , where 0ω  is the surface area per unit volume. The 
number of nuclei emerging on the surface per unit time is sIR )4( 20pi ; relating it to the particle 
volume, we get 00 /3 R=ω  and sb αα 3= . The plots of )(1)( ττ ss QX −= are also shown for 
comparison. 
 Transformation proceeds more rapidly for bulk nucleation, as it must; this effect is more 
pronounced for large sα s. The surface and particle transformations are close at small sα s, up to 
101÷=sα , and the former noticeably outstrips the latter at larger values; this effect is strongly 
pronounced for large sα s.  
 
3.2. Avrami exponent 
 
3.2.1. General remarks 
 
 As shown above, the AE naturally appears in isothermal transformations and reflects 
important features of the latter: the mechanisms of nucleation (homogeneous/heterogeneous) and 
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growth (linear/diffusional), as well as space/growth dimensionality. Being a differential 
characteristic of a transformation process, it is more informative than a VF. Therefore, it is 
usually measured by experimenters as an important characteristic of a process. As follows from 
Eq. (1b), 
td
tQd
tn
ln
))(lnln()( −=                                                                (17) 
where the dependence )(tn  is written for generality; n  is constant for Eq. (1b) itself. It should be 
emphasized that though Eq. (17) was obtained within Kolmogorov’s model, it is also applicable 
for more complex isothermal transformations, such as grain-boundary nucleated ones [33], 
transformations of spherical particles [11], etc; just in these cases n  varies with time, which 
reflects a change in the process. 
 On the other hand, the application of Eq. (18) to nonisothermal Eq. (1a) does not make 
sense; n  loses its informational content mentioned above due to the contribution from time-
dependent nucleation and growth rates. At the same time, the mechanisms of nucleation and 
growth in a nonisothermal process are obviously the same as in isothermal one and a proper n  
value for Eq. (1a) can be obtained as follows. In the case of heating with the rate q , qtTT += 0 , 
we go from t  to T , qdTdt /= : 
∫
′
−
=′=′
T
T
duqTTRttR θθ )(),(),( 1 ,  ),(),( TTgRTTV D ′=′ ,   
∫ ∫ ′′′=′′′
+−
t T
T
D TdTTVTIqtdttVtI
0
)1(
0
),()(),()(  
As a result, 
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T
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0
χ                                           (18a) 
qnTqTQ ln)(ln)),(lnln( −=− χ ,    )/1ln(
)),(lnln()(
qd
qTQdqn −=                                  (18b) 
where the dependence )(qn  is written for generality; n  is constant for Eq. (1a) itself. This 
corresponds to the familiar Ozawa equation [44]. 
  At first glance, this method works only for transformations described by a simple 
exponential, as Eq. (1a); it is seen that the procedure of derivation of Eq. (18a) cannot be applied 
to Eq. (12). In order to understand how this method can be used for more complex 
transformations, we can consider the Cahn model [33] extended to a nonisothermal case in refs. 
[11, 31]. The VF equation in this case goes to Eq. (1a) at the early stage of transformation and to 
the equation 
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)(2)(2 1e1e1)( Tyqty mmtX −−− −=−= ωω  ,    ∫∫ −==
)(
1
0 0
)()()(
tT
T
t
m duqduty θθττ                        (19) 
at the late stage (1D growth), so that the AE changes with time from 4 to 1. In isothermal case, 
this variation can be observed directly by measuring the VF as a function of time and using Eq. 
(18). In a nonisothermal case, the procedure is as follows. 
A series of measurements of the VF ),( ii qTX , ki ,...,1= , on k  identical samples during 
heating with the rates iq  is performed. The curves ),( ii qTX  are arranged sequentially with 
increasing iq . Further, we choose the temperature T  by vertical line. This line should intersect 
the first curve ),( 11 qTX  near 1),( 11 =qTX  and the last curve ),( kk qTX  near 0),( =kk qTX . 
Other curves are intersected somewhere between these values. These intersection points are 
plotted as ))),(1ln(ln( ii qTX−−  vs. )/1ln( iq  and then connected by a smooth line; the slope 
tangent of this line gives )(qn  according to Eq. (19b). As intersection points correspond to 
different stages of transformation and the AE is different for these stages, the obtained 
dependence )(qn  should vary from 4 to 1. In order to get the reliable result, the number of points 
should be sufficient. It should be stressed that fitting the points by a straight line (as is often done 
in literature) will result here in loss of information about the grain-boundary nucleation 
mechanism. Straight-line fitting is applied only to transformations with constant n , i.e. in the 
case of Eq. (1a). 
 
3.2.2. Avrami exponent for the present problem  
 
 So, we study the AE behavior τττ ln/))(lnln()( dQdn −= for isothermal Eqs. (15a-c). 
Fig. 4 shows the dependence )(τn  for different values of the characteristic parameter sα . It is 
seen that this dependence is quite different for small and large values of the latter; it is smooth at 
a small sα  and exhibits “irregular” behavior at a large one. The only common features are the 
limit values: 4)( →τn  at 0→τ  and 1)( →τn  at ∞→τ . 
The following expansion holds at 0→τ : 
...
23
1
e 432
1
1
2),(1 +−+−=∫
−
− τ
α
τττ
τ
τϕα sx dxxs                                               (20a) 
Thus, 
4
1 2
31)( τατ sQ −= ,  bs YX 2
1
2
3)( 41 == τατ ,  434 33 tuIY bsb
pi
τα =≡ ,  sb IR
I
0
3
=               (20b)                        
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This equation can be regarded as the first term of expansion of the exponential 
))()2/1(exp()(1 ττ bYQ −= ; hence, 4=n  in this limit. bY  is the “extended volume” in the Avrami 
theory [8, 9]; the multiplier 1/2 reflects the fact that only half of the sphere born on the surface 
grows into the particle. So, despite the fact that nucleation occurs on the surface, the process of 
transformation qualitatively looks like the process of bulk nucleation within the spherical particle 
[11]: at the early stage, it is similar to random nucleation in infinite space with 4=n , which is 
described by Eqs. (1a, b). The same is true for the grain-boundary nucleated transformation in 
the Cahn model [33] mentioned above. 
 At the late stage, 2>τ , we have 
tIS
ss
ss JJQ 0e)(e)()( 123 −− == αατ τα ,    ∫≡
1
0
2412 2ee3)( dxxJ xs ss ααα                              (21) 
It is easy to get the law of approaching n  to unity: 
τα
τ
/)(1
1)(
sz
n
−
= ,     
s
s
s
J
z
α
α
α
12
)(ln)( ≡                                        (22) 
It should be stressed that 1=n  does not mean the 1D growth here, differently from Cahn’s 
model; the term )exp( 0 tIS s−  in Eq. (21) is the probability that no center of new phase appears on 
the surface during time t  - this is approximately the probability for the particle to be 
untransformed at large times. The same asymptotics holds for the surface transformation, Eq. 
(16). 
In this way, the AE generally varies with time from 4 to 1, similarly to the case of bulk 
nucleation [11]. However, the full range of this variation including the asymptotics 1→n  can be 
observed only at small values of the parameter sα . In this case, the particle is gradually 
transformed by a small number of nuclei.  
 At large values of sα  (large I /large 0R /small u ), the process of transformation 
proceeds quite differently. At the early stage, the surface is covered by the crust of new phase 
and further the one-dimensional radial growth (1DRG) of this crust occurs. Eq. (16) allows one 
to estimate the time sτ  of crust formation (Fig. 3b).  
In the case of a large sα , the transformation is completed at 1~τ  (the crust reaches the 
particle centre for this time), hence, we can restrict ourselves by the interval 1<τ . Fig. 5 shows 
the contribution of each summand in Eq. (15a) to the VF )(1 τQ  in this case. It is seen that the 
contribution of the second (integral) summand is small and occurs at a short initial stage; after 
this stage, 
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)()()1()( )1(3
0
3
03
1 τττ
DQ
R
utRQ ≡−=−≈ ,    3)1( )1(1)( ττ −−=DX                           (23)                                    
which is the VFs in the case of 1DRG. The 1DRG curve in Fig. 3b is an asymptotic one for the 
VFs )(τX ; the latter approach it at increasing sα  values. 
 The dependence )(τn  in Fig.4 exhibits the peak near 1=τ ; its origin is just  the 1DRG. 
Indeed, the AE for Eq. (23) is 
)1ln()1(
))1ln(ln()(
3
)1(
ττ
τ
τ
τ
ττ
−−
−=
−−
=
d
d
n D                                      (24) 
This function is shown in Fig. 6; its limits are 1)()1( →τDn  at 0→τ  and ∞→)()1( τDn  at 1→τ . 
It is seen that the AE )(τn  at a large sα  abruptly drops from 4=n  to the dependence )()1( τDn  
and further follows it. So, the dependence )(τn  for a large sα  in Fig. 4 is observable 
experimentally only for 1<τ  (before the maximum).  
 In a nonisothermal case, the general picture of transformation is obviously the same; in 
particular, the 1DRG occurs as well. Hence, the AE behavior is the same, as in the isothermal 
case. Experimentally it can be revealed in the manner described above.    
 
 
3.3. Volume fraction as a function of radius  
 
 Eqs. (15a-c) give the temporal dependence of the VF of a particle of radius 0R . It is also 
of interest to get the dependence of the VF on 0R  at a fixed time t . It is obtained from Eqs. (15a-
c) by substitutions  
ut
R01
==
τ
ρ ,   
ut
ry = ,  
ρ
y
x =                                                             (25) 
The characteristic dimensionless parameter here is 32)3/( tuIss piβ = ;  3ρβα ss = . The result is as 
follows: 
(1) 1≥ρ : 
∫
−
−+




 −
=
ρ
ρ
ρψβ
ρρ
ρρ
1
2),(
3
3
1
1e
31)( dyyQ ys ,    [ ]1)(3)(2),( 231 +−−−= yyyy ρρ
ρρψ        (26a) 
(2) 1
2
1
<< ρ : 








+= ∫ ∫
−
−
−−
ρ ρ
ρ
ρψβρψβ
ρ
ρ
1
0 1
2),(2),(
32
12 ee
3)( dyydyyQ yy ss ,     





−−=
232
2 3
112),( yy ρρρρψ     (26b) 
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(3) 
2
10 ≤< ρ : 
∫
−
=
ρ
ρψβ
ρρ 0
2),(
33
2e
3)( dyyQ ys                                                                (26c) 
 The VF of the transformed material is 
( ) )()1()(1
2
1)(
2
1)( 123 ρρηρρηρηρρηρ XXXX −+−





−+





−=                           (27) 
where )(1)( ρρ ii QX −= . The dependence )(ρX  is plotted in Fig. 7a.  Differently from the case 
of bulk nucleation [11], where it is monotonically increasing, here the dependence )(ρX  is not 
monotonic; it has a maximum at small sβ  values  and the plateau 1)( =ρX  for large sβ s. The 
number of nuclei is proportional to the surface area 0S . At the same time, the particle volume 0V  
at small 0R  is sufficiently small, so that the increasing number of nuclei at increasing 0R can 
transform the particle partially (at small times, or small sβ s) or entirely (at large sβ s). This 
explains the ascending branch of )(ρX and the plateau at small 0R . At large 0R , the volume 
effect prevails over the surface one, which results in the descending branch. The first summand 
in Eq. (26a) describes the 1DRG at large sβ s and 1>ρ . 
 The transformed VF )(tX pl for the case of nucleation on a plane was calculated in refs. 
[33, 11]; if we are interested in the one-sided problem only (filling space with growing 
hemispheres), the result is 
[ ]dzuttX zzpl s∫ +−−−= 1
0
)231( 32e1)( βω                                                 (28a) 
We can expect that this equation will approximate the exact solution, Eq. (26a), at large 0R , if 
0/3 R  is substituted for ω : 
  
[ ]dzX zzpl s∫ +−−−= 1
0
)231( 32e13)( βρρ                                               (28b) 
 Indeed, Eq. (26a) for )(1 ρX  is as follows: 
[ ]∫
−
−
−=
ρ
ρ
ρψβ
ρ
ρ
1
2),(
31
1e13)( dyyX ys                                                   (29a) 
Taking yz −= ρ  as a new integration variable, dzdy −= , we obtain the following equation: 
[ ]∫ 





−−=
−
1
0
2
),(
1 1 e1
3)( 1 dzzX zs
ρρ
ρ ρψβ ,   [ ]321 231/1
1),( zz
z
z +−
−
=
ρ
ρψ                  (29b)                                        
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It is seen that for 1>>ρ  and therefore 1/ <<ρz , )(1 ρX  is close to )(ρplX . Fig. 7a shows how 
Eq. (28b) approaches the exact solution; the approximation begins with smaller radii, when sβ  
decreases. 
 Similarly to the VF, the AE also can be represented as a function of the particle radius, 
)(ρn . Indeed, as the function )(τn  depends on the parameter 3ρβα ss =  as well, we have 
)/1 ,())(),(()( 3 ρρβρτραρ ss nnn == . The dependence )(ρn  is shown in Fig. 7b for different 
sβ s. The view is mirror with respect to Fig. 4, except the fact that at ∞→ρ  the AE does not 
approach the value 4=n ; this is due to the fact that sα  increases together with ρ . The AE is 
close to 4 at small sβ s and approach the unity at large ones.    
 
4. Instantaneous nucleation 
 
 Differently from continuous nucleation considered above, here the nuclei appear at 0=′t . 
If sN  is the mean surface density of these centers, then the nucleation rate can be represented 
with the aid of the δ -function as )()( tNtI ss ′=′ +δ . As before, we use the dimensionless variables 
τ  and x  as well as the characteristic parameter 200 4 RNSN sss piγ ==  which is the mean number 
of nuclei on the surface (the meaning of this phrase is explained later). Substituting 
uttRtRttR m ===′ )(),0(),(  in Eq. (6), we get ),(),0;( 00 τϕ xStrS = , where 
x
x
x
4
)1(),(
22
0
−−
=
τ
τϕ                                                               (30) 
The VF equations are obtained from general equations of Section II as follows: 
(1) 1<τ : 
∫
−
−+−=
1
1
2),(3
1
0e3)1()(
τ
τϕγττ dxxQ xs                                                    (31a)  
(2)  21 <≤ τ : 
∫
−
−− +−=
1
1
2),(3
2
0e3)1()(
τ
τϕγγττ dxxeQ xss                                               (31b) 
(3)  2≥τ : 
sQ γτ −= e)(3                                                               (31c) 
 The surface itself is transformed according to the equations 




≥
<<
=
−
−
2                 ,e
20      ,e)(
4/2
τ
τ
τ γ
τγ
s
s
sQ                                                    (32) 
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 The dependences )(1)( ττ QX −=  are shown in Fig. 8 for different sγ ’s. Differently from 
the case of continuous nucleation, the VF )(τX  does not reach unity now; its final value is 
)exp(1 sγ−− . Indeed, the maximal time of particle transformation here is 2=τ . It occurs, if one 
nucleus appears at 0=′t ; for this time, it goes the path 02R  and entirely covers the particle. If 
this event does not occur (no nucleus appears), the particle remains untransformed; Eq. (31c) 
gives the probability of this case. The distinction of the final VF from unity is observable only at 
small sγ s. So, the time of transformation in the case of instantaneous nucleation is finite and 
does not exceed 2=τ .  For large sγ s, the main features of transformation are the same as in Fig. 
(3b) for continuous nucleation.  
 The AE varies with time here from 3 to 0. The dependence )(τn  is smooth at small sγ ’s 
and “irregular” at large ones due to the 1DRG, similarly to the case of continuous nucleation. For 
large sγ s, the AE behavior is similar to that of Fig. 6: )(τn  drops from 3=n  to the 1DRG curve 
and further follows it. 
 The variables of Eq. (25) and the characteristic parameter 2224 τγpiλ sss tuN == , 
2ρλγ ss = , are employed to get a radius-dependent VF: 
(1) 1≥ρ : 
∫
−
−+




 −
=
ρ
ρ
ρψλ
ρρ
ρρ
1
2),(
3
3
1
0e
31)( dyyQ ys ,    [ ]20 )(14),( yyy −−= ρ
ρρψ                 (33a) 
(2) 1
2
1
<< ρ : 
∫
−
−− +




 −
=
ρ
ρ
ρψλρλ
ρρ
ρρ
1
2),(
3
3
2
0
2
e
3
e
1)( dyyQ yss                                     (33b) 
(3) 
2
10 ≤< ρ : 
2
e)(3 ρλρ sQ −=                                                                (33c) 
The dependence )(ρX for different sλ ’s exhibits the behavior similar to that for continuous 
nucleation.  
 
5. The volume fraction of an ensemble of particles 
 
 The above VF equations give the VF value )(τX  averaged over an ensemble of identical 
particles. The VF value )(τiX  for a specific particle is obviously a random quantity as a result of 
 16 
realization of the random process. The number enN  of particles in the ensemble should be 
sufficiently large; it depends on the variance 2)]()([)( τττσ XX iX −= . The evaluation of this 
variance is a separate statistical problem which is beyond the scope of the present paper. A brief 
analysis of this issue in ref. [11] and estimate on the basis of central limit theorem give 
])/)(3max[( 2ετσ XenN ≈ , where ε  is the required accuracy – the deviation of the ensemble-
averaged VF value from )(τX .   
 The discussed issue is especially clear in the case of instantaneous nucleation. The 
number of nuclei appearing on the surface of a specific particle is a random quantity including 
zero;  0SN ss =γ  is its mean (the parameter of Poisson distribution). Accordingly, the VF’s 
)(τiX  in different particles are different; even the particles with the same numbers of nuclei 
have different VF’s due to different locations of these nuclei. Eqs. (31a-c) give the ensemble-
averaged VF value; this averaging is double: first, the averaging over all positions of nuclei for 
the particles with the same number of the latter and second, the averaging over all numbers of 
nuclei with the Poisson distribution [11]. The necessity to solve this statistical problem ab initio 
is avoided by the use of the present method. Eq. (31c) can be also treated as the relative number 
of particles without the nucleation event.  
 So, all the above VF equations can be applied in practice to ensembles of a large number 
of identical particles or particles with close sizes. If the sizes of particles in an ensemble are 
different, we need to derive a VF equation for this ensemble. Just the radius-dependent VF’s 
),( ρκX  derived above are suitable for this purpose, where κ  is the characteristic parameter, 
sβκ =  or sλ .   
 Let )( 0Rf  be the size distribution function of particles; 00)( dRRf  is the number of 
particles with sizes within the interval ],[ 000 dRRR + . We assume that this number is large, so 
that Eqs. (26a-c) or (33a-c) give the untransformed VF of this subsystem. Then the transformed 
VF of an ensemble is 
 
∫
∫
= )2(
0
)1(
0
)2(
0
)1(
0
000
000
)(
)(),(
)(
R
R
R
R
en
dRRfV
dRRfVX
X
ρκ
η                                                            (34) 
where the transformed and full volumes of particles in the ensemble are in the numerator and 
denominator, respectively; )1(0R  and 
)2(
0R  are the smallest and the largest sizes in the ensemble. 
 To get the final expression, the following relations are utilized: 
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3)(utbs =β , 
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=                       (35) 
Thus, 300 ///)( bRutR ss ββρ ==  for continuous nucleation and aR ss //)( 0 λλρ =  for 
instantaneous one; a  and b  are the input parameters. Accordingly, VF equations for both the 
cases are 
 
∫
∫ 





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00
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∫
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

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


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0
)2(
0
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0
00
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0
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0
0
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R
R
R s
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dRRfR
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RX
X
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It should be noted in this connection that the AE )(ρn , Fig. 7b, can be transformed to the 
dependence )( 0Rn  with the aid of Eq. (35) as well: 
)// ,())(/1),((),( 033000 RbbRnRnRn ssss ββραβ == . 
 Employing the mean size 0R  of the particle and the relations 
3
0
3
03
RbR
u
Is
s ==
pi
α  ,   20
2
04 RaRNss == piγ ,  
0R
ut
=τ                                   (37a)     
we get 
3ταβ ss = ,  2τγλ ss =                                                               (37b) 
With the aid of these relations, the VF’s enX  are represented as functions of time: 
)()( 3ταβ sensen XX =  and )()( 2τγλ sensen XX = .  
 Calculating the derivative of double logarithm with the use of relation 
)/)(/(/ κτκτ dddddd = , we get AEs for an ensemble in both the cases:  
s
sen
sensen
s
s d
dQ
QQn β
β
ββ
ββ )()(ln)(
3)( = ,   
s
sen
sensen
s
s d
dQ
QQn λ
λ
λλ
λλ )()(ln)(
2)( =                    (38) 
where enen XQ −= 1  and the AE temporal evolution is found with the aid of Eq. (37b) again: 
)()( 3ταβ ss nn =  and )()( 2τγλ ss nn = . 
 Amorphous powders studied by experimentalists are usually obtained as a result of 
grinding. The size distribution function (DF) of particles for this process was obtained by 
Kolmogorov [45] under certain model assumptions; this is the logarithmic normal distribution: 
 
2
2
2
)(ln
e
2
1)( σ
µ
piσ
−
−
=
r
r
rf                                                      (39a) 
In subsequent studies of this issue [46-48], the process of grinding was considered in the 
framework of physical approaches and the validity of Kolmogorov’s distribution was confirmed 
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for a certain physical model as well [47 ]; at the same time, the power asymptotic forms 
5
~)( −rrf  [46] and 6~)( −rrf  [48] at ∞→r  were obtained for other models. 
 The mean and variance for this DF are respectively 
2/2e σµ +=r , ( ) 22 222 e1e)( σµσσ +−=−= rrr  
from where 






+= 2
2
2 1ln
r
rσσ ,  





+−= 2
2
1ln
2
1ln
r
r r
σµ  
The dimensionless radius 00 / RRr =  is employed here, hence, 1=r  and 
( )22 1ln rσσ += ,   2)2/1( σµ −=                                                (39b) 
 It is seen from Eq. (37a) that a change in 0R  results in the change of sα  value. The VF 
and AE behavior at different sα s was considered above. Therefore, it is necessary to examine the 
behavior of these quantities for different rms values rσ  (the distribution width) only. Some 
range of rσ  values is used for this purpose. In experimental conditions, the rσ value can be 
found from fitting the obtained distribution by Eq. (39a). The case of instantaneous nucleation is 
used here for numerical examples.  
 As follows from the above relations, 00 RrR = , saR γ=0 , τλγ /1/ =ss , so that Eq. 
(36) acquires the form 
∫
∫
∞
∞






=
0
0
33
)(
)(,
)(
drrrf
drrfrrX
X
s
en
τ
τγ
τ                                                       (39c) 
i.e. the VF temporal dependence is governed by the parameter sγ  only, as for the ensemble of 
identical particles of radius 0R . 
 Another DF employed here is the uniform one, 
)1(
0
)2(
0
0
1)(
RR
Rf
−
=                                                                  (40a) 
Eq. (36) for this DF acquires the form 
( ) 4)()(
/
,
)( 4)1(
0
4)2(
0
0
3
0
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)2(
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)1(
0
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dRR
a
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X
R
R s
s
sen
−








=
∫ λ
λ
λ                                                    (40b) 
As shown above, the results do not depend on length units; 2000 =R  of conventional units, say, 
mµ , was put for the uniform DF. The input parameter a  is chosen to get a desired sγ  value, 
 19 
according to Eq. (37a). Also, it was put 0)1(0 =R , 400)2(0 =R ; this case is also called here as wide 
uniform distribution. As another variant, a narrow uniform DF with 170)1(0 =R  and 230
)2(
0 =R  is 
considered. 
 The results of numerical calculations are shown in Fig. 9. Fig. (a) shows that the maximal 
VF value increases with increasing distribution width rσ  evidently due to the contribution from 
large particles on the tail of distribution ( 20~ Rsγ ). For large rσ s, the )(τX  curve is strongly 
“stretched” and shifted in time due to the long tail of this DF again. The AE in Fig. (b) varies 
with time from 3 to 0, as mentioned above; the size distribution “stretches” this variation in time. 
Fig. (c) shows how the transformation kinetics slows down with successive increase in rσ  at a 
large sγ  value. 
Finally, Fig. (d) shows the AE behavior at a large sγ , where the 1DRG occurs. For the 
ensemble of identical spheres (δ ), it is similar to that of Fig. 6: the AE drops from 3=n  to the 
1DRG curve, Eq. (24), and further follows it. As follows from Fig. 7a, different particles in an 
ensemble with size distribution have different degree of transformation at a given time; the 
1DRG occurs in large particles. Therefore, the distribution deflects the AE curve from the 1DRG 
one. For small rσ s, this effect is small, as it must; it increases with increase in rσ . As is seen, 
the AE-curve slope even becomes negative at sufficiently large rσ , so that the curve becomes 
monotonically decreasing. This is a specific feature of the logarithmic normal DF; for more 
“compact” DFs, e.g., the normal one, the AE-curve slope remains positive up to the largest rσ  
values.  
It is interesting also to see the AE behavior for the uniform DFs. For the narrow one, it is 
close to that for the δ -distribution, as it was expected. For the wide one, the AE curve is similar 
to that for the δ -distribution and goes “in parallel” to it at some distance. 
    
 
6. Model for grain-boundary nucleated transformations 
  
6.1. Nonisothermal equations 
 
 We begin with the system of identical particles (grains), as before, to get the time-
dependent VF. Taking one of the grains (Fig.10) and calculating the VF )(tQ  for it, we should 
take into account the possibility for the point O′  to be transformed by a nucleus appeared on 
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boundaries of other grains as well; i.e. boundaries within the CR segment ABC  outside the 
given grain. The volume of this segment is (cf. ref. [11])   






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rrhhrrhrr
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1
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3
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12
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2);,( piυ                               (41) 
with ),(2 ttRr ′= ,  01 Rr = , and rh = , so that ),;( ttr ′= υυ . This is the possibility for a growing 
nucleus to cross grain boundaries which is forbidden by JM’s model. 
 As a result, the functions ),( trYi  of Section II denoted below as ),()( trY si  acquire one 
more summand ),()( trY bi  which is the contribution from external boundaries. For the area 
),;()( ttrS b ′  of these boundaries within the segment ABC , we employ the mean value 
),;(),;()( ttrttrS b ′=′ ωυ                                                                  (42) 
where ω  is the area of grain boundaries in unit volume. 
 In view of the relation bs II =ω , equations for ),()( trY bi  are as follows: 
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In other words, the influence of external boundaries is represented as some effective bulk 
nucleation outside the given grain. Finally, 
),(),(),( )()( trYtrYtrY bisii +=                                                      (44) 
 
6.2. Isothermal kinetics 
 
 Calculating the integrals in Eqs. (43a-c) at constant bI , u  as well as using Eqs. (2) and 
(5), we get the characteristic parameter  sbb cRuI αpiα == 40)/)(3/( , 0Rc ω≡ ; in view of this 
relation, the final VF equations have the following form: 
(1) 1<τ : 
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where the functions ),( τϕ xi  are given by Eqs. (15a, b), as before, whereas the functions 
),()( τϕ xbi  represent the contribution from external boundaries: 
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5
14),( 244)(2 ++−−= xxxb τττϕ                                                      (46b) 
 For numerical calculations, we should have some estimate for ω . Considering a large 
number of spheres packed into the cubic lattice, n  spheres per edge, we have approximately 
3
0 )2( nR  for the volume of this system; the total area of boundaries is 3204 nRpi . Hence, 
)/1)(2/( 0Rpiω =  and 57.12/ == pic  for this system. This value will slightly vary for other 
types of packing including the random dense one. Cahn [33] used a certain structural model to 
evaluate ω . Assuming that all grains are represented by equal truncated octahedrons (polyhedra 
whose faces are squares and hexagons) and D  is the distance between square faces, a value 
35.3~ =c  was obtained for the relation Dc /~=ω . As D  corresponds to 02R , one obtains 
67.12/~ == cc . Differently from spheres, these polyhedra fill space without emptiness. On the 
other hand, the quantity ω  can be employed as an adjustable parameter here.  
 In order to convert Eqs. (45a-c) to radius-dependent VF’s, we use Eq. (25) and the 
characteristic parameter 43)3/( tuIbb piβ = , 4ρβα bb = . In view of Eq. (35), 
3/1)/( but sssb βωβωββ ==                                                        (47) 
As a result,  
(1) 1≥ρ : 
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where the functions ),( ρψ yi  are given by Eqs. (26a, b), whereas the functions ),()( ρψ ybi  are as 
follows: 
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Further, the transformed VF ),(1),( )()( ρβρβ sgbsgb QX −=  of the ρ - fraction is 
substituted in Eq. (36) for continuous nucleation to get the transformed VF for grain boundary 
nucleation. Thereafter, the mean grain size 0R  is employed as a characteristic length and the 
characteristic parameter sα  and the time τ  are expressed in terms of 0R  according to Eq. (37a); 
sβ  relates to sα  and τ  according to Eq. (37b). Finally, 
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The obtained VF is governed by the parameter sα  only, as for the system of identical spheres of 
radius 0R . 
 It is worth noting that if the actual grain structure is a result of the nucleation-and-growth 
process with the known nucleation and growth rates, then the quantity ω  can be calculated 
exactly for this structure; the following equation was derived in ref. [49]: 
 23 
∫=
t
dQu
ddQ
t
0
2
)()(
)/)((
3
2)( τ
ττ
ττ
ω                                                           (51) 
In the isothermal case,  
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are substituted in Eq. (51) for continuous and instantaneous nucleation. The mean grain volume 
0V  in the final state is given by Eq. (A13) of Appendix for continuous nucleation and 10 −= υNV  
for instantaneous one; 3/10
3/1
0 )4/3( VR pi= . Finally, one obtains  

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 The VF equation by Cahn [33] in our notations is  
 
)(e1)( ττ eXCX −−= ,   [ ]∫ +−−−= 1
0
)231( 323e12)( dxcX xxe sταττ                                         (54) 
The KJMA equation for bulk nucleation is  
)exp(1)( 4τατ sK cX −−=                                                                    (55) 
 If the grain structure was obtained as a result of instantaneous nucleation, then the Γ -
distribution  
υυυ p
p
p
ppf −
−
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V
=υ                                                         (56) 
is assumed to be well established for it and 586.5=p  was obtained [24]. However, there is no 
closed expression for the case of continuous nucleation, where the DF is obtained as a result of 
solving the Fokker-Planck-like equation and computer simulations [22-26]. Johnson and Mehl [4 
] proposed a simple but effective idea to approximate the actual DF by the so-called “age-
distribution”. First, this approach allows one to derive a closed DF expression even in a 
nonisothermal case; second, it can be extended to a more realistic distribution. These steps are 
performed in Appendix. 
The extended JM’s DF, Eq. (A17), is used here for numerical calculations. Aiming the 
qualitative results only, a constant value of xξ  in Eq. (A16), 2.0=xξ , is employed. The plots for 
volume and radius DFs are shown in Fig. 11. While the original JM’s DF ends at the maximal 
size, the extended one is continuous due to the fact that now there are large grains in the system 
with vanishingly small probability. 
 
6.3. Discussion of the present model 
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 In Fig. 12, VFs and AEs for the system of identical spheres, Eqs. (45a-c) are presented; 
6.1=c  was put. Among the three VF curves – the present, Cahn, and KJMA – the Cahn ones are 
most sensitive to c  values due to the 1D asymptotics ]2exp[1)( ττ cX C −−=  at the late stage. At 
the same time, the AEs for Cahn’s and KJMA’s models do not depend on c , since the VF 
equations has the form )](exp[1)( ττ cgX C −−= . Fig. (12a) shows that the Cahn model 
underestimates VFs in comparison with the present and KJMA ones, which agrees with previous 
studies [34]. Both the present and Cahn curves have a common part at the initial stage; the size 
of this part increases with increasing sα . E.g., at 
410=sα  both the curves begin to diverge at 
5.0≈X . 
At a small sα , the present and KJMA curves are close to each other, as it was expected. 
Small sα  means small 0R or/and sI ; in the first case, the system becomes more “homogeneous”, 
which diminishes the correlations in the location of nuclei. In this way, the transformation 
process in the present model proceeds as in the KJMA one at random nucleation; the Cahn 
model is close to these two at the early stage and deviates at the late one due to the 1D 
asymptotics which is inherent in this model independently of parameters. These conclusions are 
supported by the AE behavior in Fig. (12b). AE in the present model is close to the value 4=n  
of the KJMA one at all times; the corresponding ))(lnln( τQ− -vs.- τln  plot is a straight line 
indistinguishable from the KJMA one. At the same time, the Cahn AE changes from 4 to 1. 
So, the influence of external boundaries in the present model (the possibility for a 
growing nucleus to cross grain boundaries forbidden by JM’s model) is important at small sα  
values. Just due to this effect, we have the mentioned similarity between the present and KJMA 
models. In the JM’s model, we would have the AE variation between 4 and 1 inherent for a 
single particle (Fig. (4)). Also, the comparison of Figs. (12a) and (3a) for 1.0=sα shows that the 
influence of external boundaries approximately twice accelerates the transformation process.   
At a large sα , the influence of external boundaries is negligible due to the transformation 
of grain boundary at the early stage with subsequent 1DRG (a nucleus from the outside cannot 
penetrate into the given grain). Thus the possibility for a growing nucleus to cross grain 
boundaries is inessential in this case and the transformation process is similar to that for a single 
particle. Accordingly, the AE plot is the same as in Fig. 6. As before, the Cahn AE changes from 
4 to 1, but already at small times because of the large sα . Both the present and Cahn curves have 
a common part at the initial stage and drastically diverge at the late one. Also, the VF curve of 
the present model, Fig. (12a), is similar to that in Fig. 3b; it follows the 1DRG asymptotics. 
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Differing from each other, both the present and Cahn VFs strongly differ from the KJMA one at 
a large sα ; this is due to quite different patterns of space filling in all three models. 
 Fig. 13 shows how the above size distributions change the plots of Fig. 12; the c  values 
by Eq. (53) were employed – 1.8 for the gamma DF and 1.6 for the extended JM one. While the 
Cahn VFs underestimate the present ones at a small sα , as before, the situation is somewhat 
different at a large one; here the Cahn curves cross the present ones and underestimate them only 
at the late stage, where transition to the 1D asymptotics takes place. This occurs due to the fact 
that the size distributions deflect the present-model curves from the 1DRG one for identical 
spheres, whereas the Cahn curves are insensitive to size distributions. The latter are governed by 
the parameter c  which is not connected directly with size distributions in the present approach; 
there is only the correspondence between them, as described above. In this way, the Cahn curve 
with 6.1=c  stays in place, whereas the corresponding “ex_JM” curve is shifted noticeably from 
the 1DRG curve, which results in their crossing. For a grater 8.1=c  value, the Cahn dependence 
has the greater early-stage value, 4τα sc , and a slower 1D asymptotics, than the curve in Fig. 
(12a); these facts result in its cross with the present-model curve for gamma DF.  
  Fig. (13b) shows that the extended JM distribution (which is a wide one) makes the 
)(τn  dependence for 1.0=sα more smooth. Similarly to Fig. (9d), the distributions deflect the 
curves from the 1DRG one for identical spheres at a large sα  value. The curve for the above 
uniform DF is given for comparison; the similarity between the two wide distributions – 
extended JM and uniform – is obvious.  
Fig. (14a) shows the ))(lnln( τQ− -vs.- τln  plots corresponding to Fig. (13b) for a large 
sα . Differently from the Cahn curve consisting of the two parts corresponding to 4=n  and 
1=n , the present-model curves have an additional (third) part corresponding to the 1DRG. The 
latter is a bend ending the curve. This bend is steep for identical spheres, whereas size 
distributions decrease its slope. However, it becomes steep again for wide distributions, with 
simultaneous slight lowering the curve as a whole. To study in more detail the dependence of the 
bend slope on the distribution width, the normal DF 
2
2
00
2
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0 e2
1)( σ
piσ
RR
Rf
−
−
=                                                                    (57) 
with different rms values 0/ Rr σσ =  was utilized. The result is shown in Fig. (14b).   
Just such form of the ))(lnln( τQ− -vs.- τln  curve is observed in experimental studies of 
the crystallization of bulk metallic glasses [50]. This is a strong argument in favor of the grain 
structure of the latter and nucleation at grain boundaries. The polycluster model of amorphous 
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solids was offered by Bakai [51] and employed for calculating the kinetics of crystallization of a 
bulk metallic glass within the Cahn model in ref. [32]. Intercluster boundaries are preferable 
places for nucleation. The kinetics of solidification of a supercooled liquid with the competitive 
formation and growth of crystalline and non-crystalline nuclei [52] was studied in ref. [53]; this 
process results in the formation of a polycluster amorphous solid.   
 
7. Diffusional growth 
 
 The linear growth of nuclei was employed above for VF calculations, which corresponds 
to the interface-controlled mechanism of growth. Another important mechanism is the diffusion-
limited growth occurring in multicomponent systems. Although the growth law does not change 
the general pattern of transformation considered above, it determines AE values. Therefore, the 
diffusional growth is briefly considered here as well.  
 The simplest form of diffusion-type law, 
R
C
dt
dR
2
= ,  )(),( ttCttR ′−=′                                                            (58) 
is employed here for VF calculations; C  is a constant proportional to the diffusivity. The key 
quantities defined above have the following form now: 
CttRm =)( ,  CtRr −= 00 ,  C
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2
0 )(),( +−=′                                                                                                    (59) 
We introduce the dimensionless time 20/ RCt=τ  and distance 0/ Rrx =  as well as the 
characteristic parameter 40
)( )/( RCI sds piα = . After the calculation of the integrals of Section 2, the 
following equations are obtained: 
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The corresponding KJMA equation (for bulk nucleation) is ])5/8exp[(1)( 2/5)( τατ dsKX −= . 
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 For instantaneous nucleation, the characteristic parameter is 200 4 RNSN sss piγ == , as 
before. The VF is as follows: 
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 For the surface transformation, one obtains 




>
≤
=
−−
−
4   ,e
4      ,e)( )2(4
2/
)(
)(
2)(
τ
τ
τ
τα
τα
d
s
d
s
cont
sQ ,    



>
≤
=
−
−
4       ,e
4   ,e)(
4/
)(
τ
τ
τ γ
τγ
s
s
inst
sQ                               (62) 
The summand 3)1( τ−  is the 1DRG VF for diffusional growth. Similarly to Eq. (24), 
the 1DRG AE is 
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 The diffusional-growth plots shown in Fig. (15) are in general similar to those considered 
above, but with half-integer AE values inherent in this (3D) case. The )(τn  dependence for a 
small sα  value varies between 2.5 and 1 for the reason described above.  
 Equations for the grain-boundary nucleated transformation can be derived as shown 
above. For more complex diffusional growth laws, a VF equation can be derived in the similar 
way. The actual growth equations have to take into account the depletion of any component 
around a nucleus, which stops its growth; this effect is especially important for the 
transformation of an isolated particle. Also, the simultaneous formation and growth of several 
phases with different compositions and the redistribution of components between them are 
possible. These processes as well as the possible crystallization-induced porosity (due to the 
difference in the densities of crystalline and amorphous phases) require the modification of the 
present VF equations as well.  
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8. Conclusions 
 
1. VF equations, both nonisothermal and isothermal, have been obtained in the framework of 
Kolmogorov’s method modified for the present problem. Characteristic parameters governing 
the transformation kinetics have been determined - sα  and sγ  for continuous and instantaneous 
nucleation, respectively. The transformation process proceeds quite differently at small and large 
values of these parameters. 
2. At small sα ( sγ ) values, the process is similar to that with bulk nucleation, accordingly, the 
AE changes from 4 to 1 (from 3 to 0) with time. A peculiarity of surface nucleation manifests 
itself just at large values of sα ( sγ ). In this case, the surface is covered by the crust of new phase 
at the early stage and further the one-dimensional radial growth of this crust occurs. As a 
consequence, the AE temporal behavior is non-monotonic; it has a minimum with subsequent 
sharp increase. 
3. The kinetics of transformation of an ensemble of spherical particles is determined by the same 
parameters sα  and sγ . The logarithmic normal and uniform size distributions employed for 
numerical examples stretch in time the VF and AE dependences for an ensemble of identical 
particles. At large sγ  values, the logarithmic normal distribution with a large value of its width 
qualitatively changes the AE behavior which becomes monotonically decreasing with time. 
4. A new VF equation derived for grain-boundary nucleated transformations shows that the 
kinetics of this process is governed by the same characteristic parameter sα ( sγ ) again. It 
qualitatively differs from the Cahn model kinetics for both small and large sα  values. At small 
sα s, the AE is near 4 for all times, as in the KJMA model, whereas the Cahn AE falls with time 
to 1. At large sα s, both the models give the same AE behavior at the initial stage of 
transformation, but quite different one at the late stage. Grain size distributions stretch VF and 
AE dependences in time, as in the ensemble of particles. 
5. Being an origin of the AE temporal dependence, the logarithmic VF plots at large sα  values 
demonstrate a qualitative difference between the present and Cahn model as well; they 
drastically diverge at the late stage of the process. The plots of the present model end by a bend 
which is steep in the two opposite cases of very narrow and wide distributions. Experimental 
observations of such form of the logarithmic VF plots for the crystallization of bulk metallic 
glasses indicate to the polycluster structure of the latter and nucleation at intercluster boundaries.     
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Appendix 
1. Age distribution of grains in a nonisothermal case 
 
 The mean volume of a t′ -age grain at time t  is ttt dNtdXtV ′′′ = /)()( , where )(tdX t ′  is the 
VF of t′ -age grains at time t  (the partial t′ -age VF) and tdtItQdNt ′′′=′ )()(  is the number of  
t′ -age grains. )(tI ′  is the bulk nucleation rate; the subscript “b” is omitted for brevity. The 
partial VF )(tdX t ′  can be obtained from the equation for the total VF )(tX  [2] 
dt
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Substituting here )(1)( tXtQ −=  and integrating subject to the initial condition 0)0( =X , we 
arrive at Eq. (1a). For our purpose, however, we integrate it in the “general form”: 
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Changing the order of integration, we get 
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from where 
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 )(tVt ′  is a monotonically decreasing function of t′ , 0/)( <′′ tdtdVt , hence, there is the 
one-to-one correspondence between t′  and )(tVt ′ . A basic equation for the DF is 
tdtItQtCdNtCdVtVf ttt ′′′−=−= ′′′ )()()()(),(                                         (A6) 
where )(tC  is the normalizing coefficient; we put )()( 1 tNtC −=  for normalizing to unity, 
∫ ′′′=
t
tdtItQtN
0
)()()(                                                             (A7) 
is the total number of grains at time t . 
 Thus, 
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 Finally, 
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where the dependence )( tVt ′′  is given by Eq. (A5). Eqs. (A10) and (A5) determine the DF 
),( tVf t ′  in a parametric form (the parameter is t′ ) and allow the study of its evolution in time as 
well as obtaining the final-state ( ∞=t ) DF in a nonisothermal case.  
 In the isothermal case, the following notations are used below: 3)3/( Iuk pi= , 44 tkx ′= , 
44 τky = , 44 ktz = , 14/11 −= Ikv , 
4/33
0 4
−
= kuv pi ; 10 12vv = . The DF acquires the form 
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These two equations determine the DF at time z  in a parametric form (the parameter is x ).
 The mean grain size in the final state, ∞=z , is 
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Further, the dimensionless volume 0/VVxx =υ  and DF )( xf υ  are used: 
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2. Extension of JM’s approach 
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 JM’s approach replaces the actual distribution )(υxf  of x -age grains by the δ -
distribution )()( xxf υυδυ −= . Therefore, the following step is to “broaden” this δ -function, i.e. 
to allow some dispersion around the mean xυ . The normal distribution 
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with xxx υξσ =  seems to be natural for this purpose; it goes to the δ -distribution at 0→xσ .  
Here, xξ  is generally some function of x . 
 The increase in the volume of a t′ -age grain at time τ  is ),(),(),()( τττ tdVtPtdV gr ′′=′ , 
ττττ dtVtdV ]/),([),( ∂′∂=′ , where ),( τtP ′  is the part of the spherical layer ),( τtdV ′  lying in the 
untransformed volume. Due to impingements with surrounding grains, ),()( τtdV gr ′  is a random 
quantity; the grain volume ),()( ∞′tV gr  in the final state, as an integral, is the sum of great number 
of these small quantities. If the quantities ),()( τtdV gr ′  and  ),()( ττ ∆+′tdV gr  separated by a 
finite time interval τ∆  can be thought nearly independent, then the central limit theorem under 
weak dependence can justify the normal distribution; however, this issue requires a more 
rigorous study. 
 The extended DF in the isothermal case has the form 
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The radius distribution is )(3)( 32 rfrrf = , 00 / RRr = , 3/103/10 )4/3( VR pi= . 
 It is worth noting that the variance 2xσ  can be calculated by a probabilistic method 
without resort to a DF [41, 24]. The auxiliary DF )(υ∗xf  is used for this purpose, which is the 
probability for a random point to fall into the grain of volume υ  in the x -population. According 
to the geometric definition of probability, this is  
)()( )( υυ
υ
υ
υυυ
x
x
tot
x
xx
x fdfNf ==∗                                                              (A18) 
where xN  and 
)(tot
xυ  are the number of grains in the x -population and their total volume; 
x
tot
xx N/
)(υυ = . The mean for the function )(* υxf  is xυυυ /2=∗ , hence, 2222 xxxx υυυυυσ −=−= ∗  
and 2/1)1/( −= ∗ xx υυξ . The procedure for calculating the function )(x∗υ  is described in ref. 
[24].  
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Fig. 1. Spherical particle (solid) and the CR for the point O′  (dashed). The CR encloses the part 
of particle surface (bold) with area ),;(),;( ttrSttr ′=′Ω .   
 
 
 
 
 
  
 
 
   
 
 
 
 
 
 
Fig. 2. Positions of the CR boundary at different times t′ : (1) ),('0 trtt m′<≤ ; (2) ),( trtt m′=′ ; 
(3) ),(),( trtttrt mm <′<′ ; (4) ),( trtt m=′ . 
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Fig. 3. Volume fractions for surface (solid) and bulk [11] (dashed) nucleation as well as the fraction of surface transformed (dash-dotted) at small (a) 
and large (b) values of the characteristic parameter sα  shown at the curves. The 1DRG curve )()1( τDX , Eq. (23), is shown by dotted line in Fig. (b); sτ  
is the time of surface transformation. 
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Fig. 4. AE as a function of time for surface (solid) and bulk (dashed) 
nucleation for the two values of sα  shown at the curves. 
    Fig. 5. VF )(1 τQ , Eq. (15a), (solid) and its constituents – the first 
summand (dotted) and the second one (dash-dotted) for 410=sα . 
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     Fig. 6. AE for different values of sα  shown at the curves and the 
1DRG curve )()1( τDn  (dotted). Dashed line is the AE for bulk nucleation 
[11 ] at 410=sα  ( sb αα 3= ). 
     Fig. 7a. 
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Fig. 7. (a) VF )(ρX  (solid) with its approximation by Eq. (28b) (dashed) 
and (b) AE as a function of particle radius for different values of the 
characteristic parameter sβ  shown at the curves; the plots for 210=sβ  
and 310  are shown for 1>ρ . 
Fig. 8. VF )(τX  for the case of instantaneous nucleation and different 
values of the characteristic parameter sγ  shown at the curves. Dash-dotted 
curve is the surface transformation, Eq. 32, for 310=sγ . 
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 Fig. 9.  VFs and AEs for the ensemble of particles with logarithmic normal and uniform size distributions for small (a, b) and large (c, d) values of the 
characteristic parameter sγ  of instantaneous nucleation. The dependences are given for different values of the rms rσ  shown at the curves. The plots 
for the ensemble of identical spheres of radius 0R  are denoted by the symbol δ  (δ -shaped distribution). The 1GRG curve in Fig. (d) plots Eq. (24); 
dashed lines ibid are for the narrow and wide uniform distributions described in the text (in other figures, “uniform” relates to the wide one).    
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Fig. 10. Fragment of the network of grain boundaries in the present model. External boundaries 
for the given particle (bold) are within the segment ABC of the CR for the point O′  (dashed). 
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Fig. 11. (a)  JM’s (dashed), Eqs. (A14) and (A15), and extended JM’s (solid), Eqs. (A17) and (A16) with 2.0=xξ , volume DFs. (b) Radius DFs 
corresponding to Fig. (a), JM’s (dashed) and extended JM’s (solid).  
 
 45 
 
0.0 0.5 1.0 1.5 2.0 2.5
0.0
0.2
0.4
0.6
0.8
1.0
X
g
b
(
τ
)
τ
a
1DRG
0.1
10
104
 
0.0 0.5 1.0 1.5 2.0 2.5
0
1
2
3
4
5
0 1 2 3 4 5
1
2
3
4
5
n
g
b
(
τ
)
τ
b
1DRG
0.1
104
0.1
 
  Fig. 12. VFs (a) and AEs (b) for grain-boundary continuous nucleation in the case of identical spherical grains with 6.1=c  at small and large values 
of the characteristic parameter sα  shown at the curves. Solid, dashed and dash-dotted lines relate to the present, Cahn, and KJMA models, respectively.  
 
 46 
0.0 0.5 1.0 1.5 2.0 2.5
0.0
0.2
0.4
0.6
0.8
1.0
0.0 0.2 0.4 0.6 0.8
0.0
0.4
0.8
X
g
b
(
τ
)
τ
a
ex_JM
Γ
Γ
ex_JM
1DRG
0.1
104
Γ
ex_JM
α
s
=104
 
0.0 0.5 1.0 1.5 2.0 2.5
0
1
2
3
4
5
n
g
b
(
τ
)
τ
Cahn
1DRG
Γ
ex_JM
uniform
Γ
ex_JM
0.1
104
KJMAb
 
  Fig. 13. VFs (a) and AEs (b) for grain-boundary continuous nucleation in the case of grain structure with the extended JM and gamma size 
distributions of grains at small and large values of the characteristic parameter sα  shown at the curves. Solid, dashed and dash-dotted lines relate to the 
present, Cahn, and KJMA models, respectively. The 1DRG curves are given for the system of identical spheres, Fig. (12). 
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Fig. 14. Dependence )))(ln(ln( τQ−  vs. τln  for the grain-boundary nucleated transformation in comparison with the KJMA and Cahn models at the 
large value of sα .  Fig (a) presents plots for the extended JM and gamma distributions; the inset shows plots for the grain structure composed of 
identical spheres for sα = 10
3
 and 105. Fig (b) shows plots for the normal DF, Eq. (57), with the rms values shown at the curves. 
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 Fig. 15. Dependence )))(ln(ln( τQ−  vs. τln  and the corresponding AE for the transformation of a spherical particle in the case of diffusional growth 
for sα  values shown at the curves. The 1DRG curve in Fig. (b) plots Eq. (63).  
 
 
 
